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ABSTRACT

Theorems concerning areally mean p-valent functions are extended to eventu-
ally areally mean p-valent functions. In particular, suppose f(z) = Z,‘f’:o a,,z"
is eventually areally mean p-valent in the unit disc, b, ¢ are positive inte-
gers, a = max {p -~ 1,0}.If| a, l SCn*foralln=bm+c,m=1,2,..,
then ] a, , < C’ n* for all n. This is a marked extension of results due to Goluzin
and to Hayman.

1. Introduction

Areally mean p-valent functions (hereafter abbreviated as ampv) are known to
possess many of the same coefficient and growth properties of p-valent functions.
At the same time ampv functions have the disadvantage of being unduly sensi-
tive to zeros since they may have no more than [p] zeros where [p] denotes the
integer part of p.

To remove this unnecessary sensitivity to zeros and yet retain the growth
properties and coefficient estimates of ampv functions we introduce and investigate
the class of eventually areally mean p-valent functions (eampv). Since an ampv
function may be eventually areally mean g-valent (eamquv) with g considerably
smaller than p, this theory makes possible even more precise information about
ampy functions in certain situations. In addition the theory provides a means of
obtaining knowledge concerning functions which are not amgquv for any gq.

In particular, we show that if f(z) is eampv then M(r,f) = O(1 — r)~?? and
the set of points where the order of f is positive is countable and satisfies X a({)
£ 2p. If f(z) is eampyv and equal to
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then M(r,f) = O(1 — r)”??"%. Furthermore, if f(z)e Uy is eampv then M(r,f)
= 0(1 - r)~® implies a,,] = O(n*~") for all o> 3/2. Other interesting coef-
ficient results are obtained by placing various controls on the rate of growth of the
area of f (l zl < r) over a fixed disc centered at the origin in the image plane.

2. Preliminary remarks
If f(2) is analytic in the unit disc D = {I z| < 1}, let n(w) be the number of
roots in D of the equation f(z) = w, counted according to their multiplicity. As is

standard notation we let

Q) pR = RPN = [ rRexp ()0

@) R =R -

) WRRY = [ spMs") = pR + HRRo) = H(R
2.4) W(R,0) = W(R) = pR? + H(R).

A function f(z) analytic in D is said to be
(i) p-valent if and only if n(w) < p, for all we C,

(ii) eventually p-valent if and only if there is an R, such that n(w) < p for all
IWI 2 Ry,

(iii) areally mean p-valent if and only if W(R) < pR* for all R 2 0,

(iv) (Spencer) eventually areally mean p-valent if and only if there is an R,
such that W(R) < pR? for all R 2 R,,

(v) eventually areally mean p-valent if and only if there is an R, such that
W(R,Ry) £ pR* for all R20.

Note that an eampy function with R, = 0 is ampv and any ampv function is
eampv with respect to any R, = 0. After the completion of the original work in
this paper, which was based on [6], my attention was directed to Spencer’s
original papers [10], [11]. One sees immediately that Spencer’s eventually areally
mean p-valent functions are eampy. The converse is drastically false since eampy
functions may have W(R,) = oo while Spencer eampv functions necessarily have
W(R,) < 0.

A surface S over C is said to have locally finite area at a point w e C if there is
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some neighborhood N of w such that the area of that part of the surface S which
lies over N is finite. Thus while the image of ampv and Spencer eampv functions
must be of locally finite area everywhere in the image domain, the image of
eampv functions can fail to be of locally finite area everywhere inside the arbitrarily
large compacta |w| < R,.

Actually it appears that the notion of Spencer eampv functions is due to Little-
wood [7]. At the conclusion of Spencer’s first paper (submitted in 1938 but not
published till 1941) Littlewood remarks that, due to the problems of communica-
tion during the war, he not only had to referee the paper but also supply cor-
rections himself. Hence he has added to Spencer’s hypothesis the restriction that
p 2 1 (originally stated for p > 0) although he remarks that this could be removed
if an additional constant is included and W(R) £ pR? holds for R = R,. Spencer,
apparently, was not convinced of Littlewood’s addition, for in his sequel [11]
(published after he had seen Littlewood’s remark) he asserts that some of the
results in his first paper (Th. 1 in particular) “‘require the full strength of W(R)
< pR? for all R > 0. He does maintain, however, that the hypothesis W(R)
< pR?for R = R, > 0 is sufficient for the results of his second paper [11]. In any
case, we will find that the proof can be generalized and simplified to the case of

eampv functions.

3. Eventually areally mean p-valent functions

The proofs presented in this paper follow very closely those given by Hayman
[6] for ampv functions. This is quite surprising when one notes how heavily and
how often Hayman’s proofs rely on the fact that ampv functions have only a
finite number of zeros and therefore, for § sufficiently small, there are no zeros in
the annulus 1 — 6 < | z [ < 1. In order that the results of this paper may be referred
to in future papers that generalize some of Eke’s work [4] on ampv functions and
to emphasize the parallel with Hayman’s proofs, I have adopted Hayman’s
notation and cite his theorems by number as they appear in [6].

We begin with the observation that if f(z) is eampv with respect to Ry, then for
all R=R,

3.1 0= H*R) = — pR.
Consequently,

Lemma 1. ([6, Lem. 2.1].) If f(z) is eampv in D with respect to R, and
R,, Ry Z Ry, then
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Proor. Exactly as in [6], we have

[t e ] foghe LB, L iRY 1 " iG],
g, PP(P) — P

R, p 2R? " p 2R2p i, 7
An application of (3.1) concludes the proof.

The following theorem is a basic tool for eampv functions. Its proof is extremely
simple in comparison to Hayman'’s proof, especially when one notes that we have
removed all restrictions on the number of zeros of f(z).

THEOREM 2. ([6, Th. 2.4].) Let f(z) be analytic in D. Let
Po = max{lf(z)l: |z l= tanh {n}.
If p, = max {|f(z)|: |z| = r} where r satis’es tanh in <r <1, then for any
P ZpPo
P dp 1+r
< 2lo + 2=,
J; pp(p) Br—rT "

ProoF. Without loss of generality we may assume that
py = max{(f(2)]: |z] =
is takenonatz = r,tanh {n <r < l.Let{ = log[(l + 2) /(1 — z)] = ¢ + inand
set g(0) = f[(¢* = D"+ D]. Let o, = log[(1 +r)/(1 = ). Then |g(oy)|
= |f(0] = M(r.f) = p,.
Since |g(%n)| = l f(tanh A;n)| < po we may therefore conclude that for any
{=0+0i, in £ ¢ £ 0,, the function l g(C)I takes on each value in [p,, p, | at least

once. For each p e[ p,, p,] let o be the first real number 2 4x such that I g(o) | = p.
Consequently, 0 < 4n £ ¢ £ 0, and for each 0 < ¢t < o we have

|9(t)| < max {|g())]: 0 St < ¥m, 47 < t < 0} < max {p,, p} = p.
letR={{=0+in:—in<o<in+o0, lnl < 4n}. For each pe[po, p,] let C,
be the level curve of Ig(C)I = p which goes through o< R on which | g(C)| = p.
If we omit the countable number of p on which the level curve goes through a
zero of g'({), then we see that we can extend C, either to the boundary of R in
both directions or until C, intersects itself. In the first case we have (p), the length

of C,, 2 7. In the second case, because g'({) # 0 on C,, we know that C, is an
analytic Jordan curve. In the interior of C, we have |g({)| < p by the maximum
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principle. However Ig({)] > p in a neighborhood of the exterior of C,. Con-
sequently, since lg(C)I < p on [0, 0], we must have this segment in the interior of
C,. Therefore the length of C, must be = 2¢ 2 n. Therefore, for all but a countable
set of p’sin[po, p, ], we have I(p) = n. By Ahlfor’s Length Area theorem [6, p. 18]

" dp f *r I*(p)dp
2 = L2n- +
8 fpo )=t Tepp) =" oy +7)

and therefore

01 dp 1+r) )
— =<2 log|i—] +
fpu pp(p) = ( g(l-r §

from which (3.3) is obvious. (Compare to [8, Th. 1.4].)
Our first application of Th. 2 is to generalize a theorem of Cartwright and
Spencer for ampv functions.

THEOREM 3. ([6, Th. 2.5].) If f(2) is eampv with respect to Ry, then
M(r,f) S A(p,/i,R)(1 =)~ for 0sr<1

where M(r,f) = max{lf(z)l: lzl =r}

ProoF. From Lemma 1 and Theorem 2 we have for R, = M(r,f), R =
M(tanh 4r,f), R, = max(R,, R) that

1 R, 1

—_— [ U

p {log R, 2} =
hence, M(r,f) < R 2*?exp(2n — %) -(1—r)~2? for tanh }n <r < 1. Consequently

M(r,f) SA(f,Rop,p)(1 —1r) 2P for 0<r < 1.
Since the class is not a normal family we cannot hope to find a constant in

R dp 1+r
—— < 2log+——+ 2m;
Ll pp(p) BT

Theorem 3 which is independent of the function. Note that, for fixed p, the family
of all locally univalent eventually p-valent functions of the form f(z) = z + ---
(which are analytic in D) does not form a normal family [2, Cor. 1].

The following is a key theorem for future papars on eampv functions (just as
its Hayman parallel is key for so many ampv theorems).

THEOREM 4. ([6, Th. 2.6].) Let f(z) be eampv in D with respect to R,. Let
the k discs ]z — z,,l <r, (for 1 £n k) be nonoverlapping subsets of D. Let
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R, = max {Ro, max max {|f(z, + r,,C)l: |C|§ tanh%n}} .
1=nsk

If |f(z)

=R, >eR,and 6, = (r, — lz,{ -z, !)/r,, > 0, then
k
(34 Z [log(2e*/5,]~! <2p/[log(R,/Ry) —1].
n=1

Proor. Although this proof follows the form of Hayman, we will prove the
theorem in some detail to facilitate the reader’s task and to permit abbreviation of
the general procedure in the following proofs of Theorems 5, 6 and 7.

Let D, be the disc |z —z,|<r, and let p,(r) = p(R,D,,f). Consider $({)
= f(z, + 1,0). Then p,(R) = p(R,|{| <1, ¢(0)). We choose {, = (z, ~2,)/ty
Then Iqb(C,,)l 2 R, and by Theorem 2 we have

+]2.]

R: 4 M(|¢n] ) d 1
f P = L_< 2log '+ 2m,
Ry ppn(p) Ry PPn(P) 1- |Cu|

or

R dp 2e")
L 2log(—]).
.Ll pplp) — g( S,

Using Schwarz inequality, we obtain

k 2e"] 7! 2 R2p(R)4R
3.5 log — =< .
( ) E [og 511 ] h [lOng /Rl]2 Ry R

However, eventual mean p-valence implies

f"z PRMR 1o R f"z h(R)dR
&

n=1

. R R, Ry R
* & R2 ®
(3.6) ~ plog Rz 4 H'R) _ H*R,) H*R)dR
R1 2R§ 2R§ Ry R3

R, 1
< 22 4 -
=p [logR1 +2],
since — pR? < H¥(R) £0 for all R = R,. Therefore, using (3.5) and (3.6), we

obtain our desired conclusion.

DEerFINITION. ([6,p.34].) Let f(z) be analytic in |z| < 1. Suppose that for
{ = exp(if) there is a path y(#) lying, except for its endpoint {, in |zl <1, and
also a positive ¢ such that

liminf (1 — | z|)*|f(2)| > 0
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as z — { along p(0). Then the order x({) of f(z) at { is defined to be the upper
bound of all such &’s. If no path p(6) and positive d exist, we put a({) = 0.

THEOREM 5. ([6, Th. 2.7].) If f(z)is eampv in D with respect to Ry, then the set
E of distinct points { on the boundary of D for which «({) > 0 is countable and
satis"es Tpa({) < 2p.

ProOOF. One possible proof follows [6] where Theorem 4 replaces [6, Th. 2.6];
we no longer have to worry about the zeros of f(z). An interesting alternate proof
uses a ploy one wishes would work more often. It is easy to show that for any
¢ > 0 and any eampy function f(z), one can find a complex number b such that
g(z)= f(z) + b has only a finite number of zeros and f(z) is eam(p+ e)v with
respect to R = R(p, R,). (See Theorem 14.) One then applies [6, Th. 2.7] directly
to g(z) (which has the same set E as does f(2)) to obtain Lpa(6) < 2(p + ¢). But
¢ is arbitrary and therefore Xy a(f) < 2p. Unfortunately, this line of attack
appears to fail for Theorems 3, 6, and 7 as well as for other interesting situations.

The next theorem is the only real disappointment to our general theme; we
conjecture that it is true without the restrictions on the number of zeros of f(z).
Nevertheless it is still a nontrivial generalization of Hayman’s theorem since (i) it
applies to functions which are not of locally finite area and (ii) the number of
zeros at the origin can be arbitrarily large.

THEOREM 6. ([6, Th. 2.8].) Let f(z) be eampv in D with respect to R, and
have only a finite number of zeros in D. If

lim sup (1 — P)*?M(r,f) = a >0,

1

then there exists a 6, (0 < 8, < 2n) such that

(3.7 a = hm mf(l = | f(rexp(i6o)) |2 5~ A(f Ry >

Proor. Identical to [6, Lem. 2.4] and Lemma 1.

Eke [4] has recently shown for ampv functions that the existence of
limsup (1 — r)?? M(r,f)= a >0 implies the existence of a unique @ such that
lim,., (1 — )% |f(rexp(if))| = «. The reader is referred to his beautiful paper
with the forewarning that his results require considerable analytic machinery.

From Theorem § it is clear that there is at most one point 8, for which (3.7) can
hold. Therefore whenever such a 6, exists we have the following theorem.
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THeEOREM 7. ([6, Th. 2.9].) Let f(z) be eampv in D with respect to R,. If
there is a 6 € [0,2n) such that

lim inf(1 — r)??|f(rexp(ifo)) | > 0
r—1

then for any ¢, 0 < & < 2p, we can find a positive constant C and an r, such that
(3.8) [f(rexp(i0))| <(1 — )70 — 6, [~
Jorallr,ro<r<1,C(1 —r)§l0—00l§7r.

Furthermore, we have uniformly as r— 1 while ¢ < |9 - 80[ <n

1 +
(3.9) log|f(rexp(i6))| < 0 [log1 — r]

PROOF. Let a, = liminf,.; (1 — r)"2?|f(rexp(ify))| >0. Then there is a
é > 0 such that
(3.10) |f(rexp(i6o))| 2 $ao(1 =77 > Ry
for all r,1 —6<r<l. Let z; =(1 —0)exp(ify), z, = (1 —exp(if), and
assume that 40 < |9—00| < . The discs lz-—zll < d and ]z—zzl < ¢ are, of
course, disjoint subsets of D.

We wish to apply Theorem 4 to the discs |z -z | <, lz - 22| < 8. There-
fore, since | f (z1)| > Ry, the value of R, in Theorem 4 is

R} = maxmax |f(z;+80)].
e

A quick glance at the proof of Theorem 4 will convince the reader that the
conclusion still holds if we also demand that R, = max[R}, M(l —§,f)].
Clearly by Theorem 3, R, < A(p,R,f) (tanh }r)” 27 5727,

Suppose that
@3.11) |f(rsexp(i6)| = R, > eR,
where 1 — 8 < r, < 1. Let z; = r,exp(if) and choose z; = r; exp(if,) such that
r, is the smallest number for which If(z{) [= [f(rlexp(i()o)l = R,. Such a
number exists by (3.10) and (3.11). Of course r; > 1 — § from the definition of R,.

We now apply Theorem 4 with

_=[rn-(1-8] 1-r
- 0 T8

_1—r2

61 52 - 6 ’

and obtain
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25 \17! 2p 2 |7t
- < . - -
(3.12) [“g(l = r)] = g, [R) =1 [‘°g1 —r ] '

By (3.10), R, =34,(1 —r;)"2? and by Theorem 3, as previously remarked,
R, £ A(p,f,Ry) 6™ 2. Therefore R, [R; = C,[6 /(1 — r()]**, where C, is a constant
depending on f, p, and R,. The remainder of the proof is now identical to [6] and
is omitted.

As Hayman states, condition (3.9) is a good deal stronger than the condition
that a({) = 0 for all exp (i6) # exp (if,).

The next series of theorems concentrate on the rate of growth of eampv func-
tions which have one of three characteristics: some form of symmetry, gaps in
the power series development, or some control of growth of the coefficients on an
arithmetic sequence of coefficients. The. key is the following technical result.

THeoREM 8. ([6, Th. 3.7].) Suppose that f(z) is eampv in D with respect to
Ry. If for all r sufficiently close to one, there exist k = 2 points z/, z5,-++,z; on
Izl = r such that

(i) |z, —z;| 26 (for 1 Si<j Sk, where § is independent of r) and
(i) [/ |zRfor12i<k),
then
(3.13) R < A(p,f, Ro) 8P 1(1 — )= 2Pk,
Proor. We may suppose that
(3.14 §>4P+3(1 ~1)
for if this is not the case then, by Theorem 3,
REM(rf) < A(p.fiR) (L —17%
< Ap.f, Ro) (1= ) 722IH4P+2 joy7e=2el
< A(p, f, Rl = r) 2eleg20I0" 20
which concludes the proof of Theorem 8 in this case. Therefore, letting
rp=1-18 =1—-Jy,andnoting 56 = 6, > 4°*24(1—r) = 2(1 —r), we conclude
thatr; <7 Letz; = rexp(if;)(1 <j < k)and definez; = riexp (i) (1 £j < k).
By construction, the disc Iz — z;| < 8, contains the point z} and has diam:ter
20, = }J, which, because of hypothesis (i), implies that the discs fz -z j]
<y (1 £j < k) are nonoverlapping. Now let R, = R and R; = max{R,,
max {|f(z)|: |z| = ry + J, tanh 4n }}. We let r, = r, + &, tanh }r and note that
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r, =1 —15 (1 —tanh}n) = 1— .04344. Thus r, is independent of r and strictly
less than one. Consequently, for r sufficiently close to one, r, < r < 1. Finally,
we may suppose that R, = eR, since otherwise the conclusion is obvious (R,
is independent of r).

Thus if we set

Go—|zj—-z]) _~-n

0 = 3o 5,

for 1<j<k,

we may apply Theorem 4 (with an obvious modification) and obtain

2e"60 -1
k [log(1 — r)] < 2p[log(R,/eR,)]™", hence

R2 2@1!50 2plk ) 2plk
(3.15) ?E<(1—r) < Ap) (l—r) ,

since 6, = 1d. However r; = 1 — d, and an application of Theorem 3 yields
(3.16) Ry = M(r,f) < A(p.f,R0) 65°" = A(p,f,R))6 .

Theorem 8 follows from (3.15) and (3.16) upon writing R instead of R,.
If an eampv function eventually shows a form of k-fold symmetry then, as in
the case for ampv functions, the growth of M(r,f) is severely restricted.

TueoreM 9. ([6, Th. 3.8].) Suppose that
N-1 . ©

f(Z) = 2 ajZJ + 2 aN+ijN+jk
ji=0 j=0

is eampv in D with respect to R,. Then
M(r,f) < A(p,k,N,f,Ry) (1 — )% for0<r<l1.

ProOF. The proof follows that of [6, Th. 3.8] where we replace [6, Th. 3.7] by
Theorem 8 and note that

S ANN.f)

-1
X a;z’
j=0

for all [ z I < 1, where A(N,f) is a constant depending only on N and f.
If an eampv function only has coefficient gaps we can still make some strong
assertions.

TaeoreM 10. ([6, Th. 3.9].) Suppose that f(z) = L%, a,z" is eampv in D

with respect to Ry. If a, = 0 whenever n = bm + ¢, where b and c are fixed
positive integers and m goes from 1 to o, then
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M(r,f) < A(p,b,c,f,Re)(1 =77 for 0<r<1.
PrROOF. The proof follows that of [6, Th. 3.9] with the stronger Theorem 8
replacing [6, Th. 3.7] of Hayman.
We now generalize a theorem due to Goluzin [5, p. 190] for which, when p is
greater than or equal to one, Theorem 10 is but a special case with « = p — 1.

THEOREM 11. Let f(z) = X2 ¢a,z" be eampv in D with respect to R,. Let b
and c be positive integers with 1 £ ¢ < b. Suppose that there is a positive integer
N such that for all integers n = bm + ¢, with m an integer > N, we have
]a,,] < Cn® where « 2 max {p — 1, 0}. Then

M(r.f) < A(p,b,f,N,Ro) (1 = )" &1,

We shall see that the restriction « > max {p — 1,0} is necessary and cannot be
removed for any p > 1. A discussion of this is presented at the end of the paper.

Proor. We begin by writing g(z) = X)2d a,2", h(z) = T2-n a,2" and let
h(2) = Z2_0 Qpms 2™ (0 S v < b —1). Then h(z) = X225 h,(z). Moreover,

|h(2)| <

IA
5|1|Mza

[-e]
ol a,,,,,+c]r""'+° SCrf X (bm+ o r™

m=0

b*Cr § (m + 1"

m=0

IA

A

m=0

Cbr (1 + 2" E m’(r ”)"')

from which, as is well known [5, p. 191], it follows that
(3.17) |h2)| < A2, b,6,C) (1 — r) =4 *2,

Now select and fix an arbitrary z of modulus r for 0 < r < 1. Consider the
maximum of | f(zexp (Znij/b))] such that 0 <j< b — 1. Without loss of generality,

we may assume that the maximum term occurs for j =0. Then applying Theorem 8
to |f(z)| and | f(zexp(2nij/b))|, we have for each j = 1,---,b 1,

| f(zexp (2nij/b))| < A(p.f, Ro) |1 — exp(2mij/b) | ~#|(L — 1)~
In particular,

|f(zexp(2nij[b))| < A(p,f,Rp, D) 1 = P)7P  j=1,-,b—1.
But,
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b-1

f(zexp(2mij [b)) = g(zexp(mij[b)) + X exp(2miju/b)h,(2).
v=0

Therefore, we have forallj = 1,---,b — 1,
b-1
| g(zexp(2nij /b)) + X exp(2nij/b) h(z)| < A(p,Ro,b) (1 ~1)7?
v=0
from which we deduce forj = 1,+--,b—1

b
21 exp (2nijv /b) h,(2) ’ <A(P.f,b,Ro, N) (1 = 1)>.

v=0

Let w# ¢ be an integer satisfying 0 <w < b — 1. If we consider the b — 1
equations

b
[ T A,expQnijo/byh(2)
v=0

<|4;|4(.f,b,R0, N) 1 =1)7?,

where j = 1,---,b — 1, and add them, we obtain

1

b—1 /b- b-1
(3.18) | X ( pX Akexp(27tikv/b))h,,(z){ < ( p) |A,.|) A(p,f,b,Re, N)(1—1)72,
v=0 \k= j=1

1

However, we can always solve the system of equations

b-1

(3.19 A,exp(2rikv [b) =4,,,0SvEb—1,v#e¢,
1

k=
since the minors of the b by b Vandermonde determinant created from the numbers
exp(2nik /b) (k = 1,---,b) are all nonzero (see [5, pp. 190-2]). Consequently

from (3.18) and (3.19) we can always write

b—1
h(2) + h(2) (151 A exp(2nike |b) ) l

(3.20)
< (:i | 4;] ) * A(p,f,N,b,Rp) (1 — ™.

In particular, from (3.17), (3.20) and the fact that « = max {0, p — 1}, we obtain

foranyw#c¢,0<w<b—1that

(3.21) |h(2)| < A(p.f, N, b,Ro) (1 — r)~™*D

Therefore, using (3.17) and (3.21), we have

b—-1
@ < lo@|+ | 2 ho)

< A(f,N)+ A(p,f,N,b,Rp) (1 — r)~@*V
< A(p.f,N,b,Ry) (1 — )~+D,
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Since z was arbitrary on | z| = r we have M(r,f) < A(p,f, N, b, Ro) (1 —r)"©*"
and the proof is complete.

4, Coefficient estimates of eampv functions

We now present the Hardy-Spencer-Stein machinery for eampv functions.
As in [6] we let

2n
S0 =1 410 = 1 (i [ |fexp oy |ias |

and

27
PR = RS = 51 [ R expihay

where n(r, Rexp (i) denotes the number of roots of f(z) = Rexp(iy) in ] z' <r.

THeOREM 12. ([6, Th. 3.2].) Let f(z) be eampv in D with respect to R,.
Suppose that there is an R, >0 such that for all R, 0 <R < R,, we have
W(R) £ qR% Let A = max(4,41%) for 1>0 and A* = 1R*"2 if 1>2; A*
=4R¥ 2 if0<AZ2. Then
4.1 S.(r.f) £ PAM*(r.f) + AR + A* A(r, Ry)

and

r 1 oAk
4 LeNSMeen + [ (PEEDEERT A R,

r

for 0 <ro<r<1 where A(r,R,) denotes the surface area of f(lzl <) over
|w| < R,.
Proor. From the Hardy-Spencer-Stein identity for an arbitrary analytic
function in D we have [6,p. 42]
© M@0
S.(r.f) = /IZJ; p(r, )R*"1dR = )2 f p(r, A)R*1dR

0

Ry Ro M(r.f)
lz{J. + f + }p(r, R)R* 4R
0 Ry

Ro

(4.3)

for all r, 0 < r < 1. We now estimate each of the three integrals separately.
Since f(z) is initially amqv for 0 £ R < R, then exactly as in the proof of [6,
Theorem 3.2], we can conclude that

Ry
(4.4) fo p(r, R*'dR < qAR}
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forallr,0<r<1.
Next we note that if Ry = Ry

Ro Ro
J p(r,R)R*"dR = %f R*~22p(r,R)RdR
R Ry

1

4.5)

A

Ro
% 2
Aﬁmwmm

1

IIA

Ro
Aﬁmwmm'

This last integral is the area of the image of f (] z| < r) (considered as a surface)
lying over lwl <R,.

If r is such that M(r,f) £ R,, then | ,Qf,("f )p(r, A)R* *dR £ 0 and S,(r,f)
< gAR?* + A*A(r, Ry) which is trivially less than or equal to pAM*(r,f) + gAR}
+ A*A(r,R,) as claimed in (4.1).

We therefore proceed to evaluate the remaining integral under the assumption
that M(r,f) > R,. Setting

R
LMWMﬁ=W@m

and M = M(r,f) we obtain
2 d

f o(r, R*-! dR=} f RS WA R)
Ro
A-2 M 2 - )“ A—3
= {RITEWHLR) |+ R W*(r,R)dR.
Ro Ro

The fact that f(z) is eampv implies for all R Z R,
pR? = W*(1,R) Z W*(r,R) Z W*(r, R,) = 0.
Hence, if A >2

3 MA*=2W*(r, M)

M
fpmmw*wg
Ro
< IMPT2pM? = Lp MA(r.f),

while if 0 <1 <2, then

A

M
f p(r,R)R*"'dR £ %M‘“sz2+———f R*73pR?*dR

Ro

IIA

%P M}. + P(22; j')M). - %M‘(r,f).
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Thus in both cases we obtain [} p(r, R) R*"'dR < pAM*(r,f). Combining these
three estimates we obtain (4.1). Clearly, for any r, 0 < rqg < r < 1 we have

o) = ho) + [ 2D

ry

< Miro,f) + f

ry

' {pAM‘(r,f) + gAR] + A*A(r, Ro)} dr
r
as claimed in (4.2). This completes the proof of the theorem.
We now establish a technical lemma which is necessary to relate M(r,f) to
coefficient growth.

LemmA 13. ([6,Lem.3.1].) Suppose 0 < A < 2 and f(z) satisfies the conditions
of Theorem 12. If 3 <r <1, then there is a p such that 2r — 1 < p < r and

2n
, eexp O] | (oexp(ion |~ 2a0
(4.6)

4
1-r

R?
e

IIA

{%M‘(r,f) +3R} + - A(r, Ro)}

ProoF. From the Hardy-Spencer-Stein equality we have

r 2n
'2—; J;PdPJ; lf’(pexp(ie))lzlf(pexp(ig))li.—zda - )»_zsl(r,f)

and thus by Theorem 12

1 r 2z , ) , . -
2n hqupﬁ |f'(pexp(i8)) |*| f(pexp i6)) [*~2d0

Rlz

P i q Ay
< =
=2 M(r.f) A Ry + Py

+ A(r,Ry)
for 0 < r<1. By the mean value theorem for integrals there exists a p such that
2r—1Zp<r and

1 2= ’ . 2 : i-2
5 f |f"(pexp(i6)|* | f(pexp (i6))]*~2d0
]

L[240 R
S o [SMED +1R: + 5 - 46R)

sz

4 D 44 q pi
= —a—_—r) [_IM(rsf)'*'—):Rl EYEN

< A(r, Ro)}

The last inequality follows since }$ < 2r — 1 < p.
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TueoreM 14. ([6, Th. 3.3].) Let f(z) = X% 0a,2" be eampv in D with respect
to Ry If

@.7 M@r.fysC(l—n*
for0<r <1 where C>0and a>1%andif
(4.8) A(r;Rp) = C'(1—n7"?

where C’' >0 and y =0, then

lanl é A(C’ C” ROaf’ p; aa 7)"0’—1

where
b s fa+isy
o= <le+iy+i, fa-}sysa+i
o , fO0sysa—1%

ProOF. We begin by showing there is a complex number ¢ such that f(z) + ¢
is initially amqv for some finite q. Let A(c, R) denote the surface area of f(D)

lying over the open disc |w — c] < R. If there is a complex number ¢ such that
. A(c,R
4.9) lim sup (;2 ) < o0

R0

then the function f(z) + ¢ will be initially amgv for some q < oo (that is, there
will be an R, > 0 such that W(R,f(z) + ¢) £ gR?for all 0 < R £ R,). If (4.9) were
false for all Icl 2 R,, then for every point c, |c| 2 Ry, we can find an open disc
centered at ¢ of radius R, R < R, for which A(c, R) 2 3n pR?, that is A(c, R) /30p
> n R2. This creates an open covering for the compact annulus 2R, < ] w| < 3R,.
There is therefore a finite subcover of this annulus and this subcover lies in the
annulus Ry £ |w| < 4R,. By the Vitali covering theorem, we may choose a finite
subcollection of this finite subcover consisting of mutually disjoint discs ]w—c,‘l
< R, whose collective area, Y nRZ, is at least St RZ/9 (where 57 R} is the area of
the annulus 2Ry = lwl < 3R,). Since the surface area of f(D) over the disc
lw - c,“ < R, satisfies A(c;, R)/30p 2 7 RZ, we see that the area of the surface
over this finite disjoint collection of discs is at least 150z pRZ/9. On the other
hand, since the discs are disjoint and contained in Ry £ |w| < 4R, the assumption
that f(z) is eampv with respect to R, implies that the surface area over these discs
can be at most 167 p R2 = 1447 p R /9. This contradiction shows that there is a
]cl = 2 R, such that f(z) + c is initially amgv.
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It is easy to check that if f(z) is eampy with respect to Ry, then for any ceC
and any £ > 0, there is an R; = R,(R,,¢,¢) for which the function f(z) + ¢ is
eam(p + &)v with respect to R;. If f(z) is eampv and A(r,Ry) S C'(1 — r)7?, it is
easy to verify that A(r,R,,f(z) + ¢) £ C'(Rqg, p,¢) (1 — r)7". Finally, if ce C and
M(r.f) S C(1 =)™ * then M(r,f(2) + ) S(C+ | (1 =17

Since the coefficient estimates for f(z) and g(z) = f(z) + ¢ are the same, we will
concentrate on g(z) where (i) g(z) is initially amqv for 0< R <R, ¢ < 0,
(i) g(z) is eam(p + 1)v for R§ = Ro(Ry,f), (iii) M(r,g) £ C(C,f) (1 — r)™% and
(iv) A(r,R3,9) < C'(C',Ro,f,pX1 —1)7".

We now suppose that » = 3, and a > %. Let 4 = (22 — 1)/22 so that «(2—2)>1

and choose p so that (4.6) holds. Then

2n
@10 L6.e) =5 | loGenaoyla
2z 1
< (3 [ oo s expon]-2ao)

. (Elf_t f:n[ g(pexp(i0)) l2 4 de)*

by Schwarz’s inequality. Letting r, = 3 in (4.2) and noting that r > 3, r = p, we
deduce

I,(p,9) £ 1,_4(r,9)
SCH]eDA=rg D+ = [ (G+ DAM.0) + gAR} ™+ A4 )}

4] 4]
SACCLpa RS [(1= 07+ (=)

0
é A(C’ C”p: o7, Ro’f) (1 - r)—”+l
where ¢ = max(y, « + 4). By Lemma 13
1 = I * 2 3 A=2 *
7 ). |g'(pexp (i6) |* | g(p exp (i0)) [*~2 d6

< (1-r) "(C,C, p,a,y, Ro, /) (L — 1) T2

where v = max (y,« — 4). (Note that we rely on the fact that R,, g, and ¢ depend
only on f.) Now if we write r; = 2r — 1 so that r; £ p <r, then we may deduce
from (4.6), (4.10), and the above_that

Il(rla g’) é I1(,0, g’) é A(C’ C” D, %, 7, ROaf) (1 - r)'*}[u'*' vj-
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The conclusion follows with the observation that

2y fat+ sy
ptv=<a+t+y ifa—-¥sysa+i
20 ifosysa—13

and the fact that

e n
la.] < -;1—11(m,f )

A beautiful result of univalent function theory concerns the rate of growth of
M(r,f) and the rate of growth of the coefficients of f(z). It is well known that for
functions f(z) = Xa,z" which are ampv (hence for all p-valent functions in
particular), if a>4 then M(r,f) = O(1 — )™® implies |a,|=0(m"""). The
breakdown at & = 4 is not because of a limitation in the method of proof. (Indeed
Littlewood [7] has given an example of a bounded univalent function for which
o
which classes is it true that the estimate M(r.f) = O(1 —r)™* implies Ia,,|
= O (n*~!) for various restrictions on a. Clunie and Pommerenke [3] have shown

> n°"! for some positive ¢ for infinitely many n.) One may ask for

that for close-to-convex functions one may let « = 0. This was extended in my
dissertation [1] to a large class of locally univalent functions which contain as
subclasses the close-to-convex functions and the functions of bounded boundary
rotation (¥,). Now I will show that under various additional restrictions on either
f(z) or on « a similar phenomenon can occur for eampy functions. Let us briefly
summarize a particular function class.

Pommerenke [8] introduced and investigated an extremely important and
natural generalization of the normalized univalent functions, namely the classes
Uy, B 2 1. A function is in Uy if and only if

Sugl -2+30 -z I ] £ B

We let X = U{U;: B = 1} be the set of all locally univalent analytic fuactions of
finite order. All functions in &, (the locally univalent functions which are globally
at most p-valent), the functions in ¥; (bounded boundary rotation), the functions
of bounded argument (sup|argf’(z) | < ), all of these and many other classical
geometric function theory classes can be dealt with in a systematic manner by the
general theory of locally univalent functions of finite order developed by Pom-
merenke, Clearly functions in U satisfy
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Re(l + zf"(2) [f'(2) 2 (1 = 2Br + r) [(1 = %),
It is well known that if p is a positive integer and
Re(1 +zf"(2) [f'(z2)) > — 4p

for Iz[ <r, then f(2) is at most p-valent in |z| < r. Consequently, if f(z)eU,,
then for r close to one we see that f(z) is at most 48 /(1 — r)-valent in lzl <r.
Thus the area of f(| z| <r) over any disc of radius R, is no more than
4BnR3 /(1 — r). In particular, if f(z) €Uy, A(r,f,Ro) £ 4BnRH(1 —1)7".

The theorems that remain to be stated result from immediate application of

Theorem 14, from M(r,f) restrictions which were deduced in Section 3, and
from application of the fact that A(r,Ry) = O(1 — r)~! for fe X.

THEOREM 15. ([6, Th. 3.5].) Let f(z) be eampv in D with respect to Ry. If
A(r,Ry)) =01 -nr""0ZyL2p—4%, (p>1), then = 0(n*1).

THEOREM 16. ([6, Th. 3.3].) Iff(z) € X is eampv in D with respect to R,, then
M(r,f) = O(1 = r)"* implies Ia,,l = 0m* Y foralla> 3.

COoROLLARY 17. If f(z)e X is eamlv in D with respect to Ry, then la,,|=0(n).

TueoreM 18. ([6, Th. 3.8].) If

N-1
f@=Z a2 +ayz" + ay 2"+ ayi 2+
j=o0

is eampv in D with respect to Ry and A(r,Ry) = 0(1 =", 0<y=<2plk -4,
1 £k £4p, then lanl = 0 (¥ Y,

a,

CoROLLARY 19. If

N-1 ©

f(z) = Z a_,zj + 2 aN+ijN+jk
j=0 i=0

is eampv in D with respect to R, and if feX, then| a,| <O(n*"*' ) for
1= k<.

THeOREM 20. ([6, Th. 3.9].) Let f(z) = Xa,z" be eampv in D with respect
to R,. Suppose a, = 0 whenever n = bm + ¢ where b and c are fixed positive
integers and m goes from one to infinity. If A(r,R)) = 0(1 -r)", 0=y < p-14,
then |a,| = O0(n"™").

In particular if f(z) is eamly with coefficients that vanish on an arithmetic
sequence, then even if A(r,R,) grows as O(1 —r) ~% the coefficients of f(z) are
still bounded.
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CorOLLARY 21. If f(z)eX satisfies the conditions of Theorem 20, then
= 0(n*") for all p23)2.

a,

THEOREM 22. ([5, p. 190].) Let f(2) = Xa,z" be eampv in D with respect to
Ry. Let b and c be positive integers with 1 < ¢ < b. Suppose there is a positive
integer N such that for all integers n = bm + ¢, with m an integer greater than
or equal to N, we have |a,| < Cn* where o2 max{p—1,0}. If A(r,R)
=0(1—r)", 0y a+4, then |a,| < AC,p,b,c,f,Ro)n® for all n.

COROLLARY 23. Suppose f(z)e X is eampv in D with respect to R,. Let b and ¢
be positive integers with 1 < c £ b. If there is a positive integer N such that
for all integers n = bm + ¢, with m an integer greater than or equal to
N, we have |a,,| = O(n*) where a = max(p — 1,%), then Ia,,l = 0(n*) for
all n.

We make three concluding remarks. First, Spencer’s eampv functions (eampv
and locally finite area) trivially satisfy A(r, Ry) £ C(1 — r)”? withy = 0, Therefore
the previous theorems hold immediately for such a class of functions.

Second, since for any eampv function of locally finite area there is a complex
number ¢ such that g(z) = f(z) + ¢ is (globally) amqv for some finite g, we see
that all of the theorems of Pommerenke’s paper [9] can be generalized from the
class A (the class of all amqu functions) to A* (the class of all eampv functions of
locally finite area). We also take this opportunity to point out that one of his
theorems [9, Th. 3] still holds true under the much weaker condition that f(z)
have only weak mean p-valence [10, p. 201]. Here is a statement of [9, Th. 3]. If
f(@) =ap+ X7, a, 2™ satisfies 22,1/n, < co and f(2) is amgqv, then
DI

Third and finally, we note that the restriction o = max(p — 1,0) cannot be
removed from Theorem 11 or Theorem 22 for any p = 1. That is, for any p = 1
and any « satisfying — 0 < ¢« < max(p — 1,0), there is an eampv function which
does satisfy |a,| < Cn® on some sequence n = bm + ¢, but for which M(r,f)
#O0(l~7r)"“*" and also for which |a,| # O(n%. Consider the functions
f@) = (1+2)7P = 1+ayz% + a,2°% + - and f(2)F = gw) = (L +w)?
=1+ a,w+ a,w? + agw® + ---. A direct computation shows a,, ~ n?~*/I(p),
d,+1 = 0. Hence for any « less than p — 1, we have |a,,| <1 n® for all even n.
But, as is evident, M(r,f) is not O(1 — r)~=*!) nor is |a,,| = 0(n%. It is an open
question whether the restriction is necessary if p < 1.

< 0.

a,,
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